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ROOT SYSTEMS AND SYMMETRIES OF TORUS MANIFOLDS 


SHINTARO KUROKI AND MIKIYA MASUDA 

Abstract. We associate a root system to a finite set in a free abelian group and prove 
that its irreducible subsystem is of type A, B or D. Applying this general result to a 
torus manifold M, where a torus manifold is a 2n-dimensional connected closed smooth 
manifold with a smooth effective action of an n-dimensional compact torus having a fixed 
point, we introduce a root system R{M) for M and show that if the torus action on M 
extends to a smooth action of a connected compact Lie group G, then the root system of 
G is a subsystem of R{M) so that any irreducible factor of the Lie algebra of G is of type 
A, B or D. Moreover, we show that only type A appears if H*{M) is generated by H^{M) 
as a ring. We also discuss a similar problem for a torus manifold with an invariant stable 
complex structure. Only type A appears in this case, too. 


1. Introduction 

One of the original motivation of toric geometry initiated by Demaznre |1] was to study 
the automorphism group Aut(A) of a toric variety X. He completely determined Aut(A) 
when X is complete and non-singular, by introducing a root system associated to the fan 
of X (see also [H]). Cox [1] generalized this result to the case when X is complete and 
simplicial, i.e., a compact orbifold, using the homogeneous coordinate ring (Cox ring) of 
X. Note that Aut(A) is an algebraic group in these cases and the C*-torus acting on X is 
a maximal torus of Ant (A). 

A symplectic toric manifold M is a compact symplectic manifold of dimension 2n with an 
action of an n-dimensional compact torus T preserving the symplectic form and admitting 
a moment map. As is well-known, M is determined by the moment map image which is 
a simple polytope satisfying a non-singular condition ([3]) and hence M is equivariantly 
diffeomorphic to the projective non-singular toric variety Xp associated to the normal fan 
of P. Unlike the complex case above, the group Symp(M) of symplectomorphisms of M 
is inhnite dimensional. The second named author [16] introduced a root system R{P) 
for a non-singular polytope P following the idea of Demaznre and showed that if Mp is 
the symplectic toric manifold corresponding to P and G is a compact Lie subgroup of 
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Symp(Mp) containing the torus T acting on Mp, then the root system A{G) of G is a 
subsystem of R{P) and there is a compact Lie subgroup Gmax of Symp(Mp) such that 
A(Gmax) = R{P)- Note that R{P) agrees with the root system of the reductive part of 
Aut(Xp) and any irreducible subsystem of R{P) is of type A. 

In this paper we consider a similar problem to the above in the smooth category. Our 
geometrical object is a torus manifold M which is an orientable connected closed smooth 
manifold of dimension 2n with an effective smooth action of the compact torus T of dimen¬ 
sion n having a hxed point ([6]). Complete non-singular toric varieties with the restricted 
T-action and symplectic toric manifolds are examples of torus manifolds. However, there 
are many more torus manifolds, for instance, the standard sphere of dimension 2n is 
a torus manifold with a natural T-action but it is not toric when n > 2. 

The T-action on the complex projective space CP" or extends to a transitive action 
of PU(n -|- 1) or S0(2?7, -|- 1) in a natural way. The hrst named author [TU], [12] classihed 
torus manifolds when the T-actions extend to smooth actions of compact Lie groups which 
are transitive or have a codimension one principal orbit. If the T-action on a torus manifold 
M extends to an effective action of a compact Lie group G, then T is a maximal torus of G 
and we may think of G as a Lie subgroup of the group Diff(M) of diffeomorphisms of M. 
The hrst purpose of this paper is to introduce a root system R{M) for a torus manifold 
M, where R{Mp) = R{P), and prove the following. 

Theorem 1.1 (see Theorem 12.61 Corollary 13.61 and Theorem 14.5p . Let M he a torus mani¬ 
fold. Then any irreducible subsystem of R{M) is of type A, B or D and only type A appears 
if H*{M) is generated by as a ring. Moreover, if G is a compact Lie subgroup of 

Diff(M) containing the torus acting on M, then the root system of G is a subsystem of 
R{M). 

Wiemeler [21] proves that if the T-action on a torus manifold M extends to an effective 
smooth action of a compact Lie group G, then any simple factor of (the Lie algebra of) G 
is of type A, B or D. The theorem above recovers this result. 

For a torus manifold M with an invariant stable complex structure J (such a manifold is 
called a unitary toric manifold in [U]), one can also dehne a root system, denoted P(M, J), 
which is a subsystem of R{M). The subgroup Diff(M, J) of Diff(M) preserving the stable 
complex structure J is much smaller than Diff(M), in fact, known to be a Lie group (see 
Proposition 15.11) . Our second main result in this paper is a stable complex version of 
Theorem 11.11 

Theorem 1.2 (see Theorem 15.31 and Corollary 15.51) . Let M be a torus manifold with an 
invariant stable complex structure J. Then any irreducible subsystem of R{M, J) is of type 
A and if G is a compact Lie subgroup o/Diff(M, J) containing the torus acting on M, then 
the root system of G is a subsystem of R{M, J). 

It is natural to ask whether there is a compact Lie subgroup G j of Diff(M, J) whose root 
system agrees with R{M, J). We do not know the answer in general but we can hnd such 
Gj in some cases, for instance when M is a complete non-singular toric variety but J is 










ROOT SYSTEMS AND SYMMETRIES OF TORUS MANIFOLDS 


3 


not necessarily the standard complex structure. The observation also shows that R{M, J) 
and Gj actually depend on J. 

We make a remark on our root systems. The root system introduced by Demazure for a 
complete non-singular toric variety is dehned by the set of primitive edge vectors in the fan 
associated with the toric variety. It does not depend on the underlying simplicial complex 
of the fan. Similarly, the root system R{P) for a non-singular polytope P is dehned by 
the primitive normal vectors to the facets of P and does not depend on the combinatorial 
structure of P. This is also the case for our root systems R{M) and R{M,J). They 
are dehned by some hnite set {n,} in H 2 {BT) = Hom(S'^,T) where correspond to 
the primitive edge vectors in the complex toric case and primitive normal vectors in the 
symplectic toric case. 

The organization of this paper is as follows. In Section[21 we associate a root system RiV) 
to a hnite set V m a. free abelian group and prove that any irreducible subsystem of RiV) 
is of type A, B or D. In Section [3], we deduce the hnite set V for a torus manifold M using 
the equivariant cohomology of M and dehne the root system R{M) to be R{V). In Section 
m we apply the results in the previous sections to extended G-actions on M and complete 
the proof of Theorem 11.11 In Section [5l we study the stable complex transformations of 
a torus manifold M with an invariant stable complex structure J. We dehne the root 
system i?(M, J) as a subsystem of R{M) and prove Theorem 11.21 In Section [HI we discuss 
R{M,J) and Dih(M, J) for complete non-singular toric varieties M with various stable 
complex structures J. 


2. Root system associated to a finite set 

Let be a free abelian group of rank n and V = be a hnite set of non-zero 

elements in N which generates a subgroup of full rank. In this section we will associate a 
root system P(V) to the hnite set V and prove that any irreducible subsystem of RiV) is 
of type A, B or D. This fact will be applied to the study of symmetry of a torus manifold 
in later sections. 

Definition 2.1. Let V = {vi\YLi be a hnite subset of N which generates a subgroup of 
full rank. We dehne R{V) to be the subset of N* := Hom(A^, Z) consisting of all elements 
a of the following either type 1 or type 2 : 

type 1 : |(a,nj)| = 1 for some i and {a,Vk) = 0 ior k ^ i, 

type 2 : |(a,nj)| = |(a,nj)| = 1 for some i,j and {a,Vk) = 0 for fc 7 ^ i,j, 

where ( , ) denotes the natural pairing between N* and N. 

We shall give some examples of RiV). 

Example 2.2. Take N = 7/^ and let be the standard basis of Z” and be 

its dual basis. If R = then 

R{V) = {±e* (1 < i < n), ±e- ± e* (1 < i < j < n)]. 
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This is a root system of type and ±e* are of type 1 while ±e* ± e* are of type 2. If 

V = {ei,..., e„, - then 

R(V) = {±e* (1 < i < n), ±(e* - e*) {1 < i < j < n)}. 

This is a root system of type An and any element in RiV) is of type 2. 

If R{y) contains an element a of type 1 (resp. type 2), then all the elements in V except 
one element (resp. two elements) lie in the kernel of a which is a subgroup of corank one. 
Noting this, we see the following. 


Example 2.3. Let iV be a free abelian group of rank 2 and V = (m > 2) be 

a subset of N. Suppose that n* and Uj+i form a basis of iV for i = 1,2, ... ,m, where 
Vm+i = vi- Then R{V) is empty if m > 5. Moreover, one can check that R{V) is of type 
if m = 2, of type ^2 if m = 3 (see Example 12.2p and of type Ai or AiX Ai ii m = 4. 


One can interpret RiV) as follows. Assembling evaluation maps ( ,ni): N* —)■ Z, we 
obtain a homomorphism / := niii( Then RiV) is the inverse image of 

R{m) := {a E Z”^ | (a, a) = 1 or 2} 

by /, where ( , ) denotes the standard scalar product on Z”^. Since V = {vi]^i is assumed 
to generate a subgroup of full rank, / is injective so that we may identify RiV) with its 
image f{R{V)) = f{N*) O R{m). As is well-known, R{m) is a root system of type B (see 
O p.64]) and we will see below that RiV) is also a root system. However, RiV) is not 
necessarily of type B and the main purpose of this section is to determine its type. 

In the following, we think of N* as a subgroup of Z™ and RiV) = R{m) fl N* through 
the map /. The reflection on Z™' with respect to a G R{m) is given by 

(2.1) (/3 e Z”) 

(CK, a) 

and Va preserves R{m). If a is in N* (and hence a G R{y) = R{m) fl N*), then also 
preserves N* so that it preserves RiV). Since R{m) is a root system, this shows that RiV) 
is also a root system. 

We make one remark. The scalar product ( , ) on Z”^ induces a positive dehnite sym¬ 
metric bilinear form on N* through /, denoted also by ( , ). One notes that 

m 

(2.2) (a,/3) = ^(a,ni)(/3,ni) ioi a, 13 E N*. 

i=l 


In the rest of this section, we shall investigate irreducible subsystems of the root system 
R{V). For a,(3 E RiV) we set 


(2.3) 

SO that 


^/3,a 


2(/3,d) 

{a, a) 


ra{l3) = /3 - 
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by fl2.1l) . Note that is either 0, ±1 or ±2. We say that a is joined to (3 when 7^ 0. 
As is well-known, when both a and [3 are simple roots, ap^a < 0, and they are joined by an 
edge in the Dynkin diagram of an irredncible snbsystem of RiV) if and only if ap^a < 0. 

We will denote the standard basis of Z™ by Note that a type 1 (resp. type 2) 

element of RiV) is of the form ±e* (resp. ±e* ± e* {i j)). 

Definition 2.4. We say that type 2 elements in R{V) are conjugate if they are of the form 
±e* ±e* for some common i ^ j and linearly independent. For instance, e* + e* and e* — e* 
are conjugate. 

The following lemma will be used to prove Theorem 12.61 stated below. 

Lemma 2.5. Let $ he an irreducible subsystem of RiV). 

(1) Let a,(3,j,6 be simple roots in $ and of type 2 . If ap^a = 07,0 = 0,5, a = —I, then 
there exists a conjugate pair in {/ 9 , 7 , 5 }. 

(2) Let (3 and 7 be conjugate simple roots of type 2 in ^ and X be another type 2 simple 
root in <F. If ap^\ = —1, then = —1. 

Proof. (1) Since a,(3,'y are of type 2 , the assumption means that 

(2.4) {13, a) = ( 7 , a) = {6, a) = -1 

by fl2.3p . Recall that type 2 elements are of the form ±e* ± e*. Write a = ae* — be* with 
a,b E {±1}. Then (12. 4 p implies that two of (3,^,6, say (3 and 7 , must be of the form 
be* + ce^ and be* + de} for some k,i ^ i and c,d E {±1}. li k ^ i, then ap^ry = {(3, 7 ) = 1 
but ap^^ < 0 because (3 and 7 are simple roots. This shows that k = £, proving that (3 and 
7 are conjugate. 

(2) The assumption ap^x = —1 implies (/3, A) < 0. Moreover, ( 7 , A) < 0 since 7 and A are 
simple roots. On the other hand, since (3 and 7 are conjugate, we may assume (3 = be*-\-cel 
and 7 = 6 e* — cel some j pi k and b,c E {±1}. These show that A must be of the form 
—be* + del some £ ^ j,k and d E {±1}, and hence a.y^x = ( 7 , A) = —1. □ 

The following is our main result in this section. 

Theorem 2.6. Let $ be an irreducible subsystem of R{V) o/rank > 2. Then <F is of type 
A, B or D. More precisely, we have 

(1) <F zs of type B $ contains a simple root of type 1, 

(2) <F is of type D any simple root in $ is of type 2 and $ contains conjugate 
simple roots, 

(3) <F is of type A any simple root in $ is of type 2 and $ does not contain 
conjugate simple roots, 

where rank $ > 4 when we say $ is of type D in (2) above. 

Proof. By fl2.2p . a root of type 1 is a short root while a root of type 2 is a long root, and 
the ratio of their length is 1 : \/2 so that <F is not of type G 2 . 

Suppose that $ contains a simple root of type 1 (short root). If <F contains two simple 
roots a, (3 of type 1, then ap^a = 2(/3,a) = 0. The reason is as follows. Since a and {3 are 
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of type 1, a = ±e* and j3 = ±e* for some i and j, and since a and j3 are simple roots, 
they are linearly independent; so i ^ j and hence {a, (3) = 0. Therefore $ must contain 
a simple root of type 2 (a long root) and any two short simple roots are not joined in the 
Dynkin diagram of <h. Such $ is of type B. 

By the above argument, we may assume that every simple root in $ is of type 2 in the 
sequel. Therefore, all simple roots of <h have the same length and such $ must be of type 
A, D or E. We shall prove that type E does not occur. 

Suppose that <h is of type E. Then the Dynkin diagram of $ has a vertex connected to 
three other vertices and this means that $ contains simple roots a, /3, 7 , <5 which satisfy the 
assumption in Lemma [2.51 (1). Therefore, there is a conjugate pair in / 9 , 7,5 and we may 
assume that f3 and 7 are conjugate. Since the Dynkin diagram of <h is of type E, either f3 
or 7 , say /3, is joined to some other simple root A in <h so that = —1. Then a^^x = —1 
by Lemma 12.51 (2) . This means that 7 and A are joined in the Dynkin diagram of $ but 
this does not occur in the Dynkin diagram of type E. Hence, <h is not of type E. 

In the sequel, $ is of type A or D. We note that —1 does not appear more than twice in 
any row of the Cartan matrix of type A and that —1 appears three times in some row of 
the Cartan matrix of type D (see [71 p.59]). Therefore, if <h is of type D, then <h contains 
conjugate simple roots by Lemma [2.51 (1). 

Conversely, suppose that $ contains conjugate simple roots and rank$ > 4. Let (3 and 
7 be conjugate simple roots. Let A to be a simple root joined to (3. Then since ap^x = —1, 
a^^x = —1 by Lemma 12751 (2). This means that A is also joined to 7 . But this does not 
occur in the Dynkin diagram of type A since rank<h > 4, thus <h is of type D. □ 

If {3 and 7 in RiV) are conjugate, then {(3 ± 7)/2 are in RiV) and of type 1. Therefore, 
the following follows from Theorem 12.61 

Corollary 2.7. Any irreducible factor of R{V) is of type A or B. If there is no element of 
type 1 in RiV), then any irreducible factor of RiV) is of type A. 

We conclude this section with a remark. The dual of the root system R{V) is given by 

20 - 

R'^{V) := {a^ := - -- | a G R{V)} 

(a, a) 

(see [Zl p. 43]) and it is again a root system. We note that 

( 1 ) if a is of type 1 , then |(a^,nj)| = 2 for some i and {a'^,Vk) = 0 for k pi i, 

( 2 ) if a is of type 2 , then |(Q!^,nj)| = |(a'^,nj)| = 1 for some i,j and {a'^,Vk) = 0 for 
k 7 ^ i,j. 

Since the dual of an irreducible root system of type A (resp. type B) is of type A (resp. 
type C), any irreducible factor of R'^ {V) is of type A or C by Corollary 12.71 

3. Torus manifolds 

A torus manifold M is a closed orientable smooth 2n-dimensional manifold with a smooth 
effective action of a compact torus T of dimension n having a hxed point. A closed 
codimension 2 submanifold of M is called a characteristic submanifold of M if it is hxed 
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pointwise under some circle subgroup of T and has a T-fixed point. There are only finitely 
many T-£xed points and characteristic submanifolds in M. We denote the characteristic 
submanifolds of M by Mj’s [i G [m] = {1,... ,m}). Since M is assumed to be orientable 
and Mi is hxed pointwise under some circle subgroup, Mi is also orientable. We choose 
and hx an omniorientation on M, which is an orientation on M and on each Mi. 

3.1. Subfamilies of torus manifolds. A toric variety X (over the complex numbers C) 
is a normal algebraic variety of complex dimension n with an algebraic action of (C*)” 
having an open dense orbit, where C* = C\{0}. A toric variety is not necessarily compact 
and may have a singularity. A compact smooth (in other words, complete non-singular) 
toric variety is often called a toric manifold. A typical example of toric manifold is 
with a standard action of (C*)"'. The (C*)""-action on a toric manifold has a hnitely many 
fixed points and a toric manifold with the restricted action of the compact torus T is a 
torus manifold. 

A topological toric manifold introduced in [8] is a topological analog of a toric manifold. It 
is a closed smooth manifold M of dimension 2n with a smooth effective action of (C*)" such 
that it has an open dense orbit and M is covered by hnitely many invariant open subsets 
each equivariantly diffeomorphic to a faithful smooth representation space of (C*)". One 
can see that a toric manifold is a topological toric manifold and the family of topological 
toric manifolds is much wider than that of toric manifolds. Similarly to the toric case, 
a topological toric manifold with the restricted action of the compact torus T is a torus 
manifold. 

There is another topological analog of a toric manifold, now called a quasitoric manifold, 
which was introduced by Davis-Januszkiewicz ([2]). The T-action on a torus manifold M is 
called locally standard if any point of M has an invariant open neighborhood equivariantly 
diffeomorphic to an invariant open set of a faithful T-representation space of real dimension 
2n. If the T-action on M is locally standard, then the orbit space M/T is a manifold with 
corners. A quasitoric manifold is a locally standard torus manifold whose orbit space is a 
simple polytope of dimension n. It is not difficult to see that there are many quasitoric 
manifolds which do not arise from toric manifolds ([2]) while it has been shown by Suyama 
[19] recently that there are many toric manifolds which are not quasitoric. However, the 
family of topological toric manifolds contains both the family of toric manifolds and the 
family of quasitoric manifolds ([8]). 

The cohomology rings of topological manifolds are generated by degree two elements ([8], 
Proposition 8.3]). So, the sphere with a standard action of T is not topological toric 
when n >2 while it is a torus manifold (also see [S]). It is easy to see that there are many 
torus manifolds which have non-vanishing odd degree cohomology groups (see (S] Section 
11] for example), so the family of torus manifolds is much wider than that of topological 
toric manifolds. 

3.2. Equivariant cohomology. The equivariant cohomology of a torus manifold M hts 
well to the study of M. It is dehned to be 

H^{M) := H*{ET Xt M) 
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where ET —)■ BT is the universal principal T-bundle and ET Xy M is the orbit space of 
ET X M by the T-action given by (e,p) —)■ {et~^,tp) for (e,p) G ET x M and t ^T. Let 
^ = H>%BT) and 

H^{M) := /^-torsion. 

If EI°^{M) = 0 (this is the case when M is a toric or quasitoric manifold), then H^{M) 
has no S'-torsion and H^{M) = 

We denote the equivariant Poincare dual of Mi by r*. It is an element of H^{M) but 
we also regard it as an element of The ring H^{M) also has a structure of an 

H*{BT)-a\gehTa, via the projection map tt: ET M ^ BT. Since H*{BT) is generated 
by H^{BT) as a ring, the algebra structure over H*{BT) is determined by the image of 
u G H^{BT) by vr*: H*{BT) —)■ H^{M) and it is described as follows. 

Lemma 3.1 (Lemma 1.5 in [I5]). To each i G [m], there is a unique element Vi G H 2 {BT) 
such that 

m 

(3.1) 7r*{u) = '^2{u,Vi)Ti in H^{M) for any u G H^{BT) 

i=l 

where { , ) denotes the natural pairing between cohomology and homology. 

If we change the omniorientation on M, then r* may become —r* and hence Vi may 
become —vp so iuj is independent of the choice of an omniorientation. Note that there 
are exactly n characteristic submanifolds meeting at each T-£xed point in M. 

Lemma 3.2 (Lemma 1.7 in [l5]). Let p he a T-fixed point of a torus manifold M and let 
I{p) be the subset of [m] consisting of the subscripts of the n characteristic submanifolds 
meeting at p. Then {vi}i^i(^p) is a basis of H 2 {BT). In particular, each Vi is primitive and 
{vi]'fLi spans H 2 {BT). 

We shall explain that each Vi has a nice geometrical meaning. As is well-known, there 
is a canonical isomorphism 

(3.2) H 2 {BT) = }iom{S\T), 

where denotes the unit circle of the complex numbers C. For v G H 2 {BT), we denote 
by A.;; G Hom(S'^,T) the element corresponding to v through the isomorphism fl3.2l) . The 
omniorientation on M induces an orientation on the normal bundle z/j of Mi so that i>i 
can be regarded as a complex line bundle because i>i is of real dimension 2. With this 
understood, one can see that the element Vi has the following two properties (see (1.8) and 
Lemma 1.10 in [I5]): 

(PI) A„.(S'^) is the circle subgroup of T which hxes Mi pointwise, 

(P2) the differential of A^. (z) for z G ^^(c C) acts on i/j as complex multiplication by . 2 . 

There are two primitive elements which satisfy (PI), and (P2) determines one of them; so 
(PI) and (P2) characterize Uj. 
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Definition 3.3. Let M be a torus manifold with an omniorientation and let Vi {i = 
be the elements of H 2 {BT) defined above. Then the root system i?(M)(c 
of M is defined to be R{{vi}^i). Note that R{M) is independent of the choice 
of the omniorientation on M because so is ±Uj. 

Here are two examples of R{M) corresponding to Example 12.21 in Section |2l 

Example 3.4. (1) Take M = (regarded as the unit sphere of C” © M) with the T- 
action given by {zi, ...,Zn,y) -)■ {giZi,gnZn, y) where (^fi, ...,gn) e = T. The 

characteristic submanifolds are Mi = {zi = 0} for 1 <i <n and the circle subgroup which 
fixes Mi pointwise is {(1,..., 1, 1..., 1) G T | G for each so that we may think 

of as of Z"' through an identification of H 2 {BT) = Hom(S'^,T) with Z”. 

Hence 

_R( 5 ' 2 «) = {±e* (1 < f < n), ±e* ± e* {1 < i < j < n)} 

where ±e* are of type 1 while ±e* ± e* are of type 2 as remarked in Example 12.21 

(2) Take M = CP” with the T-action given by [zi,..., Zn, z^+i] [giZi,gnZn, Zn+i\- 
The characteristic submanifolds are Mj = {zi = 0} for 1 < i < n + 1 and the circle 
subgroup which fixes M, pointwise is {(1,..., 1, 1..., 1) G T | gi G for 1 < i < n 

and the diagonal subgroup of T for z = n + 1 , so that we may think of as u* = e* 

for 1 < z < n and Vn+i = through an identification of H 2 {BT) = Hom(S'^, T) with 

Z”. Hence 

P(CP”) = {ie* (1 < z < n), ±{e* - e*) (1 < z < j < n)} 
where any element in R{CP^) is of type 2 as remarked in Example 12.21 

The following lemma gives a necessary condition for R{M) to have an element of type 1 
or of type 2 . 

Lemma 3.5. Let a be an element of R{M). If a E R{M) is of type 1, then Mf = M'^ 
for some i, and if a E R{M) is of type 2, then Mf U Mj = for some distinct i and j, 
where denotes the T-fixed point set in X. 

Proof. If a G R{M) is of type 1, then 7 r*(a) = ir* by fl3.ip . The restriction map Hf{M) -E 
0pGAfT ^fip) sends 7 r*(a) to a in each component (note Hf.{p) = H*{BT)), in particular, 
non-zero in each component. On the other hand, r* restricts to 0 in Htf{p) if p ^ Mf ■ 
Therefore, Mf = M^. 

Similarly, if a G R{M) is of type 2, then 7 r*(a) = ir* ±Tj by fl3.ll) . and this implies that 
Mf U MJ = M"^ by the same argument as above. □ 

If a torus manifold M is (n > 2) with the standard T-action or a product of 5^^ 
{k > 2) and any torus manifold of dimension 2{n — k), then Mf = for some z while 
if H*{M) is generated by H‘^{M) as a ring, then Mf for any z (see [H]). The 

latter condition is satisfied when M is a topological toric manifold (in particular, a toric 
manifold or a quasitoric manifold). Therefore, the following follows from Corollary 12.71 and 
Lemma 13.51 
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Corollary 3.6. If H*{M) is generated by H^{M) as a ring, then any irreducible subsystem 
of R{M) is of type A. 

Here is an example of R{M) corresponding to Example 12.31 

Example 3.7. Suppose that a torus manifold M is 4-dimensional. Since a characteristic 
submanifold is of codimension two, orientable and is assumed to have a T-£xed point, 
every characteristic submanifold of our M must be a 2-sphere and have two T-£xed points. 
Therefore, Lemma 13.51 tells us that R{M) has no element of type 1 (resp. type 2) unless 
|M^| is 2 (resp. 2, 3,4), and R{M) is empty if |M^| > 5, where |M^| denotes the cardinality 
of M^. 

Remark 3.8. For some class of manifolds with nice torus actions such as flag manifolds 
and toric hyperKahler manifolds (also manifolds treated in [TT], [13]), one could dehne root 
systems similarly to Dehnition 13.31 

3.3. Weakly equivariant diffeomorphisms. We will show in the next section that if 
the T-action on a torus manifold M extends to an effective smooth action of a connected 
compact Lie group G, then the root system of G is a subsystem of the root system R{M) 
of M. In this subsection, we prepare some necessary results to prove the fact. 

Let Aut(T) denote the group of automorphisms of T. A diffeomorphism of a torus 
manifold M is said to be weakly equivariant if g{tp) = p{t)g{p) for f G T and p ^ M 
with some p G Aut(T), and in this case we often say that g is p-equivariant. Note that 
g is weakly equivariant if and only if g is in the normalizer of T in the group Diff(M) of 
diffeomorphisms of M. 

Lemma 3.9. If g E Diff(M) is p-equivariant, then g permutes the characteristic sub¬ 
manifolds Mi’s, i.e., there is a permutation a on [m] such that g^Mf) = Mg-p) for any 
i G [m]. Moreover, p*{vi) = ejUg-p) with some e* G {±1} for any i G [m], where p* is an 
automorphism of H 2 {BT) induced from p. 

Proof. Since Mi is hxed pointwise by the circle subgroup A^. (S*^) and g is p-equivariant, 
g{Mi) is fixed pointwise by a circle subgroup p(A„.(S'^)) which is Ap^(.i,p(S'^). This shows 
that g{Mi) = Mj for some j and p*{vi) = Vj up to sign, proving the lemma. □ 

Since p induces a p-equivariant homeomorphism Ep of ET (with right T-action), a home- 
omorphism of ET x M sending (e,p) to {Ep{e), g{p)) is p-equivariant so that it descends 
to a homeomorphism of ET Xy M and induces a graded ring automorphism g* of Hf{M). 
The differential dg of g maps Ui to and it follows from Lemma 13.91 and the definition 
of Tj’s that 

(3.3) 

Note that e* = 1 if and only if dg preserves the orientations on z/* and Vap) induced from 
the omniorientation on M. 

The following lemma, which is essentially due to Wiemeler [21], will play a key role in 
our argument. 
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Lemma 3.10 (Lemma 2.1 in [21]). If the p-equivariant diffeomorphism g of a torus man¬ 
ifold M is in the identity component o/Diff(M) and p* is a reflection on H‘^{BT), then 
the permutation a in Lemma \S. .91 satisfies either of the following: 

(1) a is the identity, e, = —1 for some i and Cj = 1 for j i, 

(2) a permutes two elements, say i and j, fixes the others, e* = Cj and = 1 for 
k 7^ i,j. 

Moreover, if g preserves the omniorientation on M (this is the case when G preserves a 
stable complex structure on M discussed in Section W, then (1) above does not occur by 
the remark after fl3.3p . 

Proof. We shall reproduce the proof in |2l] with some modification for the reader’s conve¬ 
nience. 

First we will treat the important case where = 0. In this case, it is proved in 

[Is] that Hf{M) is freely generated by rfs over Z and the following is exact: 

(3.4) 0 ^ ^ Hf{M) ^ H^{M) 

where l: M ^ ET Xt M is an inclusion of the fiber. Note that g* = p* on H^{BT), 
which follows from the definition of g* on Hf{M) mentioned after the proof of Lemma 
Moreover, p* is a reflection on H^{BT) by assumption and g* is the identity on H^{M) 
because g is assumed to be in the identity component of Diff(M). It follows from the 
exactness of fl3.4p that we have 

trace(c/*, = trace(p*, H\BT)) + trace(c/*, 

(3.5) = rank^ H^{BT) — 2 rankg 

= rank^ H^{M) — 2. 

Since Hf{M) is freely generated by rfs over Z, the identity 03.51) together with 03.3p implies 
that either (1) or (2) in the lemma must occur. 

For a general torus manifold M, the argument above up to 03.51) still holds but Hf{M) 
may not be freely generated by rfs. Remember that S = H^^{BT) and = 

//y(M)/S'-torsion. Since the subring H*{BT) of Hf{M) is F-torsion free, we have 

H‘^{BT) D (S'-torsion in H^{M)) = {0}. 

Therefore, it follows from the exactness of 03.4p that the S'-torsion in Hf{M) injects to 
by L*. Since g* is the identity on this shows that g* is also the identity on 

the S'-torsion. Therefore, it follows from 03.5p that we have 

tTa.ce{g*, Hf{M)) = tTa.ce{g*, Hf{M)) — rankz(S'-torsion in Hf{M)) 

(3.6) = rankg H^{M) — 2 — rankz(S'-torsion in H^{M)) 

= rankz H^{M) — 2. 


Since Hfl (M) is freely generated by rfs over Z ([T51 Lemma 3.2]), the identity 03.61) together 
with 03.3p implies the lemma. □ 
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4. Root systems of extended compact Lie group actions 

In this section, we will prove that if a connected compact Lie group G acts on a torus 
manifold M extending the T-action, then the root system of G is a subsystem of the root 
system R{M) of M fTheorem 14.Sp . This fact gives an “upper bound” for such G. 

We recall a canonical isomorphism 

H‘^{BT) ^ Hom(T, 

For a G H^{BT), we denote by G Hom(T, the element corresponding to a through 
the isomorphism. 

Definition 4.1. A root of G is a non-zero weight of the adjoint representation of T on 
g 0 C, where g denotes the Lie algebra of G. We think of a root of G as an element of 
H‘^{BT) (through the above canonical isomorphism) and denote the set of roots of G by 
A(G). 

For a G A(G), we denote by Tq, the identity component of the kernel of Let Gq be the 
identity component of the subgroup of G which commutes with T^. The group Ng^(T)/T 
is of order two and the automorphism of T dehned by t —)■ gtg~^ for g G A'g„(T)\T does 
not depend on the choice of g, so we may denote it by pa- It is of order two, its fixed point 
set contains the codimension-one subtorus and = —a. We note that p* is the 

Weyl group action associated to a G A(G). 

Similarly, is a reflection on H 2 {BT) and we note that 

(4.1) Fix(p„J = H2{BT^) = Kera in H^iBT) 
where a G H‘^{BT) is regarded as an element of Hom(R 2 (-BF), Z). 

Lemma 4.2. Either of the following holds for a G A(G).' 

(1) There is i E [m] such that a takes a non-zero value on Vi and zero on the others. 

(2) There are i,j G [m] such that 

(4.2) {a, Vi) = —ea{<y,Vj) ^ 0 and {a,Vk) = 0 for any k i,j 
where ec = ±1. 

If an element o/A g'„(T)\T preserves the omniorientation on M (this is the case when G 
preserves a stable complex structure on M discussed in Section W, then (1) above does not 
occur and Cq, = 1. 

Proof. Let g G Ng^{T)\T. We note that p is a pa-equivariant diffeomorphism of M and is 
in the identity component of Diff(M), so that we can apply Lemma [3.101 to our g. 

For case (1) of Lemma [3.101 it follows from Lemma [3.91 that there is i G [m] such that 

(4.3) Pa^{vi) =-Vi and pa^{vk) = Vk ior k ^ i, 

and this together with fl4.ip shows that (1) in our lemma occurs in this case. 

Similarly, for case (2) of Lemma [3.101 it follows from Lemma [3.91 that there are distinct 
i and j such that 

(4.4) Pa ^{ Vi ) = eiVj , paS ' Vj ) = 


Pa^ivk) = Vk for any k ^i,j 
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and {a,Vk) = 0 for 7 ^ i,j by fl4.ip . where since e* = Cj, we denote them by Cq. Finally, 
since p* (a) = —a, we have 

{a, Vi) = -{pl{a),Vi) = -{a,pa^{vi)) = -ea{a,Vj) 

proving ( 2 ). 

The last statement in the lemma follows from the last statement in Lemma 13.101 □ 


We will say that a is of type 1 (resp. of type 2) if (1) (resp. (2)) in Lemma Wf2\ occurs. 
Following fl2.2p . we dehne a positive dehnite symmetric bilinear form ( , ) on H‘^{BT) as 
follows: 

m 

(4.5) {a,l3) :='^{a,Vi){(3,Vi) ioi a, (3 e 

i=l 


Lemma 4.3. Let a, (3 G A(G). Then 
(4.6) pliH) = P- 

(a, a) 

Proof. Since {vk\^=i spans H 2 {BT), it suffices to check that the both sides at (14.61) evalu¬ 
ated on Vk agree for each k G [m]. 

Suppose that a is of type 1. Then, it follows from fl4.3p that 


{PaiP)y'>^k) = {P,Pa*iVk)) 


-{/3,Vi) iik = i, 

{(3,Vk) iiky^i, 


while since {a,Vk) is non-zero only when k = i, the right hand side at fl4.6l) evaluated on 
Vk reduces to 


{/3,Vk) - 2{/3,Vi) 


-{13, Vi) iik = i, 

{/3,Vk) lik^i, 


proving (14. 6 p when a is of type 1. When a is of type 2, the desired result can easily be 
checked using fl4.2p and 04.41) and we leave the check to the reader. □ 


We note that 2{(3,a)/{a,a) in 04.6p is an integer because p* is the Weyl group action 
associated to a. We denote |(Q:,nj)| (= |(a,nj)| when a is of type 2) by Na, and denote 
the length of a root a, that is (a, a), by ||a||. 

Lemma 4.4. Let a and f3 he roots in an irreducible factor $ of A{G) and assume a 7 ^ ±/3. 
Then the following holds. 

(1) If both a and (3 are of type 1, then {a, {3) = 0. 

(2) If both a and (3 are of type 2 and {a, (3) 7 ^ 0, then = Ny and ||a|| = ||/9||. 

(3) Suppose that rank$ >3. If a is of type 1 and (3 is of type 2 and {a, (3) 7 ^ 0, then 
Na = Np and V2\\a\\ = ||/3||. 
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Proof. (1) It suffices to prove that there is no common Vi on which both a and jS take non¬ 
zero values. If there is such a common Vi, then a and (3 take zero on all the Uj’s different 
from Vi because they are of type 1, which means that a and f3 are linearly dependent and 
hence a = ±/3 since they are roots, but it is assumed that a ^ ±/3. 

( 2 ) Since (a,/3) 7 ^ 0 and a 7 ^ ±/9, there is only one common Vi on which both a and 
(3 take non-zero values. Moreover, since a and (3 are of type 2, {a, a) = 2{a,Vi)'^ and 
{(3,(3) = 2{(3,Vi)‘^ by Lemma |4]2l Therefore, we have 

2{(3,a) _ {(3,Vi) 2{(3,a) _ {a,Vi) 

{a, a) {a, Vi)' {(3,(3) {(3,Vi)' 

Since these numbers are integers as remarked above, we have = Nj^ and ||a|| = ||/3||. 

(3) Since a is of type 1, there is a unique Vi on which a takes a non-zero value. Moreover, 

since {a, (3) 0, (3 also takes a non-zero value on the u* and since (3 is of type 2 , {(3,(3) = 

2{(3,Vi)‘^ by Lemma [4.21 Therefore we have 

2{(3,a) 2{(3,Vi) 2{(3,a) {a,Vi) 

{a, a) {a, Vi) ’ {(3,^) {(3,Vi)' 

Since these two numbers are integers, either 

(a) Na = Np and \/ 2 ||a|| = ||/9|| or 

(b) Na = 2N^ and ||a|| = \/5|l/5|| 
must hold. 

Let a' and (3' be another pair of roots in $ which are of type 1 and type 2 respectively 
and {a' , (3') 7 ^ 0. Since <h is irreducible, there is a chain of roots (3i{= (3),..., (3m{= (3') in 
$ such that {(3k, (3k+i) 7 ^ 0 for fc = 1, 2,..., m — 1. By (1), we may assume that each (3k 
is of type 2. Then ||/3i|| = ••• = \\(3m\\ by (2). Therefore, ||a|| = ||a'|| because otherwise 
<h contains roots with three different length which does not occur for an irreducible root 
system. This shows that only one of (a) and (b) above occurs for <h. 

We shall prove that (b) does not occur when rank<h > 3. Suppose that it occurs. Then 
<h must be of type C because an element of type 1 is a long root while an element of type 
2 is a short root and long roots are not joined by (1). Let K be a simple Lie subgroup of 
G corresponding to $ and consider the iL-orbit Kp of a T-fixed point p. The elements in 
$ are homomorphisms from T to and let L be the identity component of the kernel of 
all those homomorphisms. Then L is a torus of rank n — rank$. Since L commutes with 
K by construction and p is a T-£xed point (in particular, a L-hxed point), the orbit Kp 
is fixed pointwise under the L-action. Therefore, the tangent space Tp{Kp) of Kp at p is 
hxed under the L-action, i.e. 

(4.7) Tp{Kp) C {TpM)^ 
and moreover 

(4.8) dim(rpM)'^ < 2 rank 4) 

because the tangential T-representation VpM of M at p is faithful, dim TpM = 2 dimT and 
dimL = n — rank<h. Now we consider two cases. 
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Case 1. The case where Kp = {p}. In this case, the i^-representation Tp{Kp) is faithful 
(because the iC-action on M is effective) so that K must be embedded into a special 
orthogonal group SO(2f') by (14.71) and (14.81) where £ = rank<h. However, this is impossible 
because K is of type C and of rank£. 

Case 2. The case where Kp ^ {p}. Let V be a maximal torus of K. Then Tp{Kp)^ = 0. 
Indeed, since L' and L generate the torus T, if Tp{Kp)^' ^ 0, then this together with (14.7p 
implies that {TpM)'^ ^ 0 but this contradicts the effectiveness of the T-action on M. The 
fact Tp{Kp)^' = 0 implies that dim Kp > 2dimL' = 2i while dim Kp < 2t by fl4.7l) and 
fl4.8p . This shows that Kp is a torus manifold. Since Kp is a homogeneous space, the 
classihcation result in [10] for homogeneous torus manifolds shows that K is not of type 
C. Thus, case (b) does not occur when rank$ >3. □ 

Note that A(G) lies in H‘^{BT) and the irreducible factors of A(G) are mutually per¬ 
pendicular, i.e. if <I> and <!>' are distinct irreducible factors of A(G), then ( 7 , 7 ^ = 0 for 
any 7 G <h and 7 ' G <h'. By Lemma [4.41 if $ is an irreducible factor of A(G), then is 
independent of 7 G <h unless $ is of rank two and (b) in the proof of Lemma 14.41 occurs 
for <h. When $ is of rank two and (b) in the proof of Lemma [4.41 occurs for $, the dual 
of $, that is := {a^ := 2a/{a, a) \ a G $}, is isomorphic to $ and satishes (a) in 
the proof of Lemma [4.41 so is independent of 7 G <h'^. Therefore, in any case, we may 
assume that is independent of 7 G 4) for each irreducible factor 4) of A(G). Moreover, 
since we are concerned with the isomorphism type of A(G) as a root system, we may 
assume that = 1 for any 7 G A(G) in the sequel. Thus, the following theorem follows 
from Lemma [4.31 and the dehnition of R{M). 

Theorem 4.5. If a connected compact Lie group G acts effectively on a torus manifold M 
extending the T-action, then the root system A(G) of G is a subsystem of the root system 
R{M) of M. 

An effective action of a compact Lie group G on M can be viewed as a compact Lie 
subgroup of Diff(M) and vice versa. Therefore, the following follows from Theorem 14.51 

Corollary 4.6. Let M he a torus manifold and let G be a compact connected Lie subgroup 
o/Diff(M) containing the torus T. If A{G) = R{M), then G is maximal among connected 
compact Lie subgroups o/Diff(M) containing T. 

Remark 4.7. As pointed out by Wiemeler, the equality in Corollary 14.61 cannot be at¬ 
tained in general. For example, take an n-dimensional homology sphere S with non-trivial 
fundamental group and consider S x T, where the T-action on S is trivial while that on 
the second factor T is the group multiplication. Take also the standard sphere S'^"' with 
the standard T-action. We choose a free T-orbit from S x T and respectively, remove 
their T-invariant open tubular neighborhoods and glue them along their boundaries. The 
resulting manifold M is a homology sphere and a torus manifold. The vfs for M are the 
same as those for because vfs are dehned as parametrization of circle subgroups which 
hx the characteristic submanifolds and the characteristic submanifolds of M and are 
same. Therefore R{M) = R{S^"') and if there is a connected compact Lie subgroup G of 
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Diff(M) with A(G) = R{M){= then G is a simple Lie group of type A and the 

G-action on M must be transitive. Therefore, M must be diffeomorphic to which is 
a contradiction because M is non-simply connected. Therefore, there is no compact Lie 
subgroup G of Diff(M) with A(G) = R{M). 

Here are examples corresponding to Example 13.41 

Example 4.8. (1) Take with the T-action dehned in Example 13.41 The linear action of 
S0(2?7,+ 1) on is effective, SO(2n+l) contains the torus T and A(SO(2 ?t,+1)) = 

Therefore, SO(2 ?t,+ 1) is a maximal connected compact Lie subgroup of Diff(S'^”) containing 
T by Corollary 14.61 

(2) Take CP” with the T-action dehned in Example 13.41 The linear action of U(n-|-1) on 
C^+i induces an effective action of PU(n-|- 1) containing the torus T and A(PU(2n-|- 1)) = 
P(CP”). Therefore, PU(n-l-l) is a maximal connected compact Lie subgroup of Diff(CP”) 
containing T by Corollary 14.61 

5. Stable complex transformations 

A T-invariant stable complex structure J on a torus manifold M is a T-invariant complex 
structure on tM © for some A; > 0, where tM denotes the tangent bundle of M 
and denotes the product bundle of rank k over M. Since J is T-invariant and a 
characteristic submanifold Mj is hxed pointwise under the circle subgroup Vi{S^), where 
Vi G Hom(S'^,T) = H 2 {BT) as before, the quotient bundle of rM©M^ restricted to M* by 
the tangent bundle of Mj admits a complex structure induced from J. We give a canonical 
orientation on Therefore, once we hx an orientation on M, J determines an orientation 
on each characteristic submanifold Mj. We note that if we change an orientation on M, then 
the induced orientation on Mj also changes. Therefore, the elements Vi are independent of 
the choice of an orientation on M and they are dehned without ambiguity of sign. 

We denote by (M, J) the torus manifold M with the T-invariant stable complex structure 
J and by Dih(M, J) the group of diheomorphisms of M which preserve J. The following 
fact, which we learned from Nigel Ray and thank him, shows that Dih(M, J) is much 
smaller than Dih(M). 

Proposition 5.1. Dih(M, J) is a Lie group. 

Proof. By dehnition J is a complex structure on tM © for some k. Since the tangent 
bundle oi M := M x is isomorphic to tM © J dehnes an almost complex 

structure J on M, so that Dih(M, J) is a Lie group (see P Corollary 4.2 in p.l9]). Any 
diheomorphism of M extends to a diheomorphism of M by dehning the identity on the 
added factor so that Dih(M, J) can be viewed as a closed subgroup of Dih(M, J). 

Since any closed subgroup of a Lie group is a Lie group as is well-known, the theorem 
follows. □ 

Remember that the elements ufs (1 < i < m) in H 2 {BT) for (M, J) are dehned without 
ambiguity of sign. Moreover, (1) in Lemma [4.21 does not occur in our stable complex case 
by the last statement in the lemma. Motivated by this observation, we make the following 
dehnition. 
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Definition 5.2. For (M, J), we define 

i?(M, J) := {a G H^{BT) \ {a,Vi) = 1, {a,Vj) = —1 for some i ^ j 

and {a,Vk) = 0 for any k ^ i,j}- 

Note that R{M, J) is a snbsystem of R{M) and there is no conjngate pair in R{M, J). 

Theorem 5.3. Let M be a torus manifold with a T-invariant stable complex structure 
J. If a connected compact Lie group G acts effectively on M extending the T-action and 
preserving the stable complex structure J, then the root system A(G) of G is a subsystem 
of R{M, J) and every irreducible factor of A{G) is of type A. 

Proof. We may assnme that any root a G A(G) lies in R{M, J) by Lemma W?2\ and A(G) is 
a snbsystem of R{M) by Theorem 14.51 so A(G) is a snbsystem of R{M, J) and since there 
is no conjngate pair in R{M, J), only type A appears as an irredncible factor of A(G) by 
Theorem 12.61 □ 

Remark 5.4. It is shown in |2ni Lemma 5.8] that any irredncible factor of the G in 
Theorem 15.31 is of type A. 

The following corollary is a stable complex version of Corollary 14.61 

Corollary 5.5. Let M be a torus manifold with a stable complex structure J and let G be a 
connected compact Lie subgroup o/Diff(M, J) containing the torus T. If A{G) = R{M, J), 
then G is maximal among connected compact Lie subgroups o/Diff(M, J) containing T. 

Here are two examples of R{M, J) corresponding to Example 14.81 in Section 01 

Example 5.6. (1) Take M = S'^”(c C” © M) with the standard T-action dehned in 
Example 13.41 Since © M = C"" © M, we have 

rS'^" ©M©M = C"©M©M = C”+h 

Let J be a stable complex strnctnre dehned from this identihcation. Then one see that 
is the standard basis throngh an identihcation of H 2 {BT) = Hom(S'^,T) 

with 7A, so that 

R{S^-, J) = {±(6* - e*) (1 < 7 < J < n)}. 

This is a root system of type A„_i. Note that J) is a proper snbsystem of 

The linear action of U(n) on C” induces an action on preserving the J and U(n) 
contains the torus T and A(U(n)) = R{S‘^'^, J). Therefore, U(n) is a maximal connected 
compact Lie subgroup of Dih(S'^"^, J) containing T by Corollary 15.51 

(2) Take M = CP" with the T-action dehned in Example 13.41 and with the standard 
complex structure J^f. Then one sees that as Uj = e* for 1 < i < n and Vn+i = 

— Xir=i G through an identihcation of H 2 {BT) = Hom(S'^,T) with Z". Hence 

P(CP", Jst) = P(CP") = {±e* (1 < f < n), ±(e* - e*) {1 < i < j < n)}. 

Since the action of PU(?7, + 1) mentioned in Example 14.81 preserves Jgt, PU(?7, + 1) is also a 
maximal connected compact Lie subgroup of Dih(CP", Jgt)- 


















18 


S. KUROKI AND M. MASUDA 


6. Toric manifolds 

The complex projective space is a typical example of a complete non-singular toric 
variety (which we call a toric manifold). It turns out that R{X, Jgt) = R{X) for any toric 
manifold X with the standard complex structure Jgt and that there is a connected compact 
Lie group G preserving the Jgt such that A(G) = R{X, Jgt), which we will discuss in this 
section (it is also discussed in [16] from the viewpoint of symplectic category). We also 
discuss R{X, J) for an invariant stable complex structure J different from the standard 
complex structure Jgt- See [5] or [18] for the basics of toric varieties. 

6.1. Fan and toric manifold. Let A be a complete non-singular fan of dimension n in 
H 2 {BT) (8) M = H 2 {BT]M.) and let S be the underlying simplicial complex of A. Let m be 
the number of vertices in S and let t)e the primitive vectors on the one-dimensional 

cones in A. Since A can be recovered from S and {nijjLi, we may think of A as a pair 

Let A(A) be the toric manifold associated with the complete nonsingular fan A = 
(S, We shall recall the quotient construction of A(A). For a C [m] we set 

Lo- := {(^^i,..., Zm) e C™ I 2 ;* = 0 for i G a} and Z .= \^ L„. 

We dehne a homomorphism V: (C*)™ —?■ (C*)"" by 

m 

■ ■ ■ 1 dm) ■— ^Vi idi) 
i=l 

where A^. is a homomorphism from C* to (C*)"' determined by Uj. Then 

A(A) = (C”^\Z)/KerV. 

The standard action of (C*)™' on C™ induces an action of (C*)™/KerV on A(A). The 
homomorphism V is surjective and identihes (C*)™'/KerV with (C*)" so that (C*)"" acts 
on A(A). The toric manifold A(A) with the restricted action of T = (S*^)” is a torus 
manifold. 

The projection (C*)”^ —)■ C* on the Tth factor induces a homomorphism pi : Ker V —)■ C*. 
Let Li be the complex line bundle over A(A) associated to p*, namely the total space of 
Li is the orbit space of (C"*\Z) x C by the diagonal action of KerV (through pi on C) 
and the projection map on A(A) is the induced one from the projection on the hrst factor 
C^\Z. Then it is known and not difficult to see that there is a canonical isomorphism 

m 

(6.1) rA(A) © Lj as complex T-vector bundles, 

i=l 

where C™'”"' denotes the product vector bundle A(A) x C™""" (see [S] Theorem 6.5] for 
example). 
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6.2. R{X{A), Jst) for the standard complex structure Jgf Let Jgt be the standard 
complex structure on X(A). For a G i?(X(A), Jgt), there are i,j G [m] such that 

{a, Vi) = 1 , {(y,Vj) = —1 and {a,Vk) = 0 for fc 7 ^ i,j. 

Let be the character of (C*)"' corresponding to a. Since 

m m 

i=l i=l 

Ker(x“ o V) is a subgroup of (C*)™' with gi = gj, which we denote by Ha- Obviously 
Ha contains KerV. Let GLq, be the (maximal) connected subgroup of GL(m,C) which 
commutes with Ha- It is generated by (C*)"* and linear automorphisms of C™ which hxes 
coordinates ^^^’s for k 7 ^ i,j. 

Lemma 6.1. The action of GL a on C"* leaves Z invariant. 

Proof. If (T C cr', then D Lo-y so Z is the union of L^’s for minimal a ^ S. Therefore 
it suffices to prove that if a is minimal among subsets of [m] not contained in S, then a 
contains both i and j or contains neither i nor j. 

Suppose that a 3 i but a ^ j (and we will deduce a contradiction). Since a is minimal, 
cr\{i} G S. Let r be an (n — l)-simplex in S containing cr\{i}. The cone Zvr spanned by 
vfs for £ G r is of dimension n. Since a ^ S, we have t ^ i. Then t 3 j because otherwise 
Zvr is contained in Kera and this contradicts the fact that Zvr is of dimension n. The 
cone Zvr\{j} is of dimension n — 1 and contained in Kera. The cone spanned by Zvr\{j} 
and Vi is not a member of A because otherwise {T\{j}) U {*} G S and since this simplex 
contains a, i.e., a must be a member of S, which gives a contradiction. 

The hyperplane Kera splits H 2 {BT]M.) into two (open) half spaces and contains all v^s 
except Vi and Vj, so we can say Uj-side and Uj-side. The fact that the cone spanned by 
ZvT-\{j} and Vi is not a member of A means that a point of H 2 {BT]M.) which is slightly 
above the cone Zvr\{j} (here “above” means that it is on the Vi side) cannot be contained in 
any cone of A. This contradicts the completeness of A. Therefore the claim is proven. □ 

Set 

H-.= fl Ha 

aeR{X[A),Jst) 

and let GL(A) be the subgroup of GL(m, C) generated by GL„’s for a G i?(A(A), J^t). 
The group generated by p^^’s acts on the set {uj}™ 1 (see Section 0]) and decomposes it 
into a union of orbits. Looking at the induces of vfs, this orbit decomposition produces a 
partition of [m], say pi,..., Then 

H = {(pi,..., Pm) e (C*)™ I gi = gj when i,j G p,. for some r}. 

For a subset p of [m] we denote by GL(p) the subgroup of GL(m, C) which hxes coordinates 
ZkS for k ^ ja. Then GL(A) = 11^=1 ^^(pr). The root system of GL(A) agrees with 
R{X{A),Pt). 

By Lemma 16.11 the action of GL(A) on C™ leaves Z invariant. Since GL(A) com¬ 
mutes with H containing KerV, the action of GL(A) on <CX\Z descends to an action 
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of G(A) := GL(A)/KerV on A(A) = (C™'\Z)/KerV. Therefore a maximal connected 
compact Lie subgroup G of G(A) acts on A(A) preserving the complex structure Jgt- 
The root system A(G) of G agrees with that of G(A) and also that of GL(A). Therefore 
A(G) = /?(A(A), Jst)- Gonsequently, by Gorollarv 15.51 we have the following proposition. 

Proposition 6.2. Let {X{A), Jst) be a toric manifold with the standard complex struc¬ 
ture. Then, the G above is a maximal connected compact Lie subgroup o/Diff(A(A), 
containing T. 

Remark 6.3. Demazure dehnes roots associated to the fan A in [1] (also see [H]) and 
intoduces a root system which describes the reductive part of Aut(A(A)). Proposition 16.21 
follows from his result. 

6.3. R(A(A), J) for a non-standard stable complex structure J. We may regard the 
standard complex structure Jst as the stable complex structure induced from the complex 
structure on the right side of fl6.ll) . Each Lj has another complex structure which is 
complex conjugate to the original one. We denote L* with such a complex structure by 
Li. We take an integer q between 1 and m — 1 and consider the invariant stable complex 
structure J on A (A) induced from 0^=1 Li © 0™g_,_i Li through the map fl6.ll) . In terms 
of C™' above, we are taking the standard complex structure on the hrst q factors TU but the 
“anti-complex structure” on the last m — q factors The subset of H 2 {BT) associated 

to J is {uilLi U {-Vi}fLq+i- 

Claim. There is no a G H‘^{BT) such that 

{a, Vi) = 1 for some i such that 1 < i < q, 

{a, —Vj) = —1, for some j such that q + 1 < j < m, 

(a,nfc) = 0 ioik^ij. 

Proof. If there is such a, then all vfs sit on the non-negative side of a but this contradicts 
the completeness of A. □ 

The above claim implies that i?(A(A), J) C i?(A(A), Jst). Moreover, if GL(A)j denotes 
the subgroup of GL(m, C) generated by GL^’s for a G R{X{A), J), then 

GL(A) J = GL(A) n ( GL(g, C) x GL(m - q, C)) 

so that G(A)j := GL(A)j/ Ker V is contained in G(A). The restricted action of G{A)j on 
A(A) preserves the stable complex structure J. The root system of a maximal connected 
compact subgroup Gj of G(A)j agrees with that of G{A)j and that of GL(A)j. Therefore 
A{Gj) = R{X{A), J). Gonsequently, by Gorollarv 15.51 we get the following generalization 
of Proposition 16.21 

Proposition 6.4. Let (A(A), J) be a toric manifold with the stable complex structure 
J. Then, the Gj above is a maximal connected compact Lie subgroup o/Diff(A(A), J) 
containing T. 
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Example 6.5. We take X(A) = CP^. In this case, m = 2 and take q = 1. Then 
G(A)j = (GL(1, C) X GL(1, C))/ GL(1, C) is isomorphic to GL(1, C). Note that our stable 
complex structure J on CP^ is isomorphic to that in Example 15.61 (1) for Therefore, 
Diff(S'^, J) is non-compact. 
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